BROKEN CIRCUIT COMPLEXES AND HYPERPLANE ARRANGEMENTS 



LE VAN DINH AND TIM ROMER 

ABSTRACT. We study Stanley-Reisner ideals of broken circuits complexes and characterize those 
ones admitting a linear resolution or being complete intersections. These results will then be used 
to characterize arrangements whose Orlik-Terao ideal has the same properties. As an application, 
we improve a result of Wilf on upper bounds for the coefficients of the chromatic polynomial of 
a maximal planar graph. We also show that for an ordered matroid with disjoint minimal broken 
circuits, the supersolvability of the matroid is equivalent to the Koszulness of its Orlik-Solomon 
algebra. 



1. Introduction 

Let V be a vector space of dimension r over a field K. Denote by V* the dual space of V. 
Let £/ = {H\ ,...,H n } be an essential central hyperplane arrangement in V. Then the underlying 
matroid M(srf) of srf has rank r and there are linear forms a,- G V* such that kera,- = Hj for 
i = l,...,n. Let X = V\(J"=i Hi be the complement of the hyperplanes. It is well-known that 
when K = C the cohomology ring H'(X,Z) of X depends only on the matroid M(«e/): H'(X,Z) 
is isomorphic as a graded C-algebra to the Orlik-Solomon algebra X(s^) of srf ; see |[22l Theorem 
5.2]. Here the Orlik-Solomon algebra A.(stf) is defined as the quotient of the standard graded 
exterior algebra E = Z(ei,. . . ,e„) by the Orlik-Solomon ideal J{srf) of srf which is generated by 
all elements of the form 

m 

de h-i m = £(-l) ,-1 e/i ■•■£,•■•«/„» 

t=\ 

where {H^ ,Hj m } is a dependent subset of stf, i.e., a (1 , . . . , a, m are linearly dependent. Since 
their appearance in ll22l . the Orlik-Solomon algebra has been proved to be a very important alge- 
braic object associated to an arrangement and it has been studied intensively; see, e.g., ll3l [T5ll2Tl 
EDI3211I1 for details. 

The Orlik-Terao algebra of .est ' , which was first introduced in E4l . is a commutative analog of 
the Orlik-Solomon algebra. For our purposes we follow the exposition of Schenck-Tohaneanu 
[33]. Let S = K[x\,. . . ,x n ] be the polynomial ring in n variables over K (n is the number of 
hyperplanes of £/). Define a ^-linear map 



(p :S\= ®Kxi -> V*, xi h^-GCi for i = 1, ... ,n. 

i=i 

We call the kernel of this map the relation space and denote it by F (<&?). Elements of F{stf) are 
called relations. Observe that relations come from dependencies among hyperplanes in s4\ If 
{//,, , . . . ,Hi m } is a dependent subset of s$ and a t G K are coefficients such that YT=\ a t^u = 0> then 
r = YaLi a tXi, is a relation. 
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Definition 1.1. For each relation r € F{s^), we write r = YT=\ a t x h with a t for all t = 1 , . . . , m. 
Let 

m 

d{r) = Y, a t{x h ---x u ---x im )ES. 

t=l 

Then /(^) = (d(r) : r G F(«e/)) is the Orlik-Terao ideal, and C(jz/) = S/I(&/) is the Orlik-Terao 
algebra of the arrangement 

From the similarity between the Orlik-Solomon algebra and the Orlik-Terao algebra it is nat- 
ural to hope that the Orlik-Terao algebra also encodes useful information about the arrangement 
(in some sense the Orlik-Terao algebra seems to see "more" because it records the "weights" of 
the dependencies among the hyperplanes). In fact, Orlik-Terao [24] proved, when K = M, that the 
dimension of the artinian Orlik-Terao algebra (i.e., the quotient of C(£/) by the ideal (xf, . . . ,x„)) 
is equal to the number of connected components of the complement X of the hyperplanes. Then 
Terao ll35l computed the Hilbert series of C(stf) via the Poincare polynomial of srf (see Proposi- 
tion 1231). In [33], Schenck-Tohaneanu raised a new interest in the Orlik-Terao algebra by giving 
a characterization of the 2-formality of stf in terms of the quadratic component of its Orlik-Terao 
ideal. See also the survey of Schenck |[3T1 for other results and problems concerning the Orlik- 
Terao algebra. 

In this paper we are interested in Orlik-Terao algebras with extremal properties like, e.g., having 
a linear resolution or being complete intersections. We give characterizations for arrangements 
whose Orlik-Terao algebra has one of these two properties. It turns out that these properties of 
the Orlik-Terao algebra are combinatorial, in the sense that they only depend on the underlying 
matroid of the arrangement. 

Our approach is based on a closed connection between the Orlik-Terao ideal and the Stanley- 
Reisner ideal of the broken circuit complex of the underlying matroid of the arrangement which 
was in particular studied in [29]: the latter one is the initial ideal of the former one (see Theorem 
I2.3I ). Normally, a property which holds for an ideal need not hold for its initial ideal and vice versa. 
Fortunately, this is the case for the Orlik-Terao ideal and the two properties we are interested in 
(see Corollary I3.2l and Theorem 14. 161) . Thus our strategy is as follows: We first consider Stanley - 
Reisner ideals of the broken circuit complexes of simple matroids and characterize those admitting 
a linear resolution or being complete intersections (see Theorem [331 Theorem 14. lb . These results 
will then be applied to yield characterizations of arrangements whose Orlik-Terao ideal having the 
same properties (see Theorem 13 .51 Theorem l4.16l >. 

Our results have several interesting consequences. For instance, it is shown in Corollary I4.8l that 
for a triangulation of a simple polygon, its cycle matroid, with respect to a suitable ordering of the 
edges, has pairwise disjoint minimal broken circuits. Whereas Theorem I4.12l is an improvement 
of Wilf's upper bounds on the coefficients of the chromatic polynomial of a maximal planar graph 
in 071 . For matroids whose Stanley-Reisner ideal of the broken circuit complex is a complete 
intersection, we compute the Poincare polynomials of their Orlik-Solomon algebras and verify in 
Theorem 14. 9 1 the following conjecture which was first studied in 11341 : 

Conjecture 1.2. A matroid (an arrangement) is supersolvable if and only if its Orlik-Solomon 
algebra is Koszul. 

A similar result for arrangements whose Orlik-Terao algebra is a complete intersection will 
then be derived in Corollary 14.181 Note that up to now, the above conjecture has been proved for 
hypersolvable arrangements and graphic arrangements; see lU9l . |[32l . 

Note also that Denham, Garrousian and Tohaneanu have recently studied Orlik-Terao algebras 
which are quadratic complete intersections with a different method and they have independently 
obtained a result similar to Corollary 14.1 8t see |[T3l Corollary 5.12]. 



BROKEN CIRCUIT COMPLEXES AND HYPERPLANE ARRANGEMENTS 



3 



Before going into details, let us explain how this paper is organized. In Section 2, we recall some 
notions and facts concerning broken circuit complexes and hyperplane arrangements. Section 3 is 
divided into two parts. We first characterize simple matroids whose Stanley-Reisner ideal of the 
broken circuit complex admits a linear resolution. Characterizations of arrangements whose Orlik- 
Terao ideal has the same property will be given thereafter. Note that similar characterizations for 
matroids and hyperplane arrangements whose Orlik-Solomon ideal admits a linear resolution were 
obtained before in [15 ] and |2l]. Section 4 also contains two parts. In the first part, after giving 
characterizations of simple matroids whose Stanley-Reisner ideal of the broken circuit complex 
is a complete intersection, we prove that Conjecture [L2] holds for those matroids. Apart from the 
applications to graph theory mentioned above, we also show that for the Stanley-Reisner ideal of 
a broken circuit complex of codimension 3, the Gorensteiness implies the complete intersection 
property (Proposition 14- 13b - In the second part, we characterize arrangements whose Orlik-Terao 
ideal is a complete intersection and verify again Conjecture 1 1.21 for those arrangements. 

2. Preliminaries 

In this section we review some notions and results from the theory of matroids and hyperplane 
arrangements which will be used throughout this paper. For unexplained terms and further details 
we refer to 0, (23J, EH . 

Let us first recall the notion of matroid. A matroid M on the ground set T is a collection 3 of 
subsets of r satisfying the following conditions: 

a) e y, 

(ii) If / £ 3 and t C /, then t G 3; 

(hi) If 1,1' e 3 and |/'| < |/|, then there is an element iel — l' such that /' U {/} G 3. 

The members of 3 are called independent sets. All the maximal independent sets of M have the 
same cardinality, we call this cardinality the rank of M. Dependent sets are subsets of Y that are 
not in 3. Minimal dependent sets are called circuits. The matroid M is simple if each circuit has 
cardinality at least 3. Denote by <L(M) the set of all circuits of M. Clearly, (£(M ) determines M: 
3 consists of subsets of T that do not contain any member of £(M). We will need the following 
elimination theorem for circuits. A more general version of this result can be found in [2, Theorem 
3]. 

Theorem 2.1. Let M be a matroid on T and let C\, . . . ,C m be circuits ofM. Assume that 

Q<£{JCj for all i = 2, . . . ,m. 

Then for each subset B ofT with \B\ =m — 1, there exists a circuit C ofM such that 

m 

CQ[jCj-B. 

7=1 

For two matroids M\ and M 2 on disjoint ground set Ti and 1^2, we define their direct sum 
M\ @M 2 to be the matroid on the ground set T\ UT 2 whose independent sets are the unions of an 
independent set of M\ and an independent set of M 2 . In other words, the circuits of M\ @M 2 are 
those of Mi and those of M 2 , i.e., Z(M\ ©M 2 ) = £(Mi) U £(M 2 ). 

Example 2.2. (i) Let m < n be non-negative integers and let T be an ^-element set. The uniform 
matroid U m ^ n on T is the matroid whose the independent sets are the subsets of Y of cardinality at 
most m. This matroid has rank m and its circuits are the (m + 1) -element subsets of T. For m>2, 
U mA is simple. When m = n, the matroid U n>n has no dependent sets and is called free. 
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(ii) Let s/ = {Hi, . . . ,//„} be a central hyperplane arrangement in a vector space V and let 
OCi G V* be linear forms such that kera, = H, for i = 1, . . . ,n. Then we can define a matroid 
M(s/) on the ground set s/ by taking the independent sets to be the independent subsets of s/, 
i.e., the subsets {//,-, , . . . ,H[ m } such that a (1 , . . . , a lm are linearly independent. We call M(jrf) the 
underlying matroid of s/. Clearly, this matroid is simple. In the following we will usually identify 
the ground set s/ with [n] := {1,. . . ,n} and consider M(s/) as a matroid on [n]. 

It is apparent that uniform matroids and free matroids are underlying matroids of generic ar- 
rangements and Boolean arrangements, respectively. Moreover, if we have two arrangements st\ 
and srf% in vector spaces V\ and V 2 , then M(s/\ x s/ 2 ) = M{sf\) where the product 

arrangement s#\ x is defined in the space V = V\ © V 2 as follows: 

Mx^ = {#1 © V 2 : #1 G M} U {Vi ©#2 : H 2 G J# 2 }- 

(iii) Let G be a graph whose the edge set is $ . Let £ be the set of edge sets of cycles of G. Then 
£ forms the set of circuits of a matroid M(G) on We call M(G) the cyc/e matroid (or graphic 
matroid) of G. This matroid is simple if G is a simple graph. 

Now assume that (M, -<) is an ordered matroid of rank r on [n]. This means that the matroid 
M is given with a linear ordering -< of the ground set [n] . (Notice that -< need not be the ordinary 
ordering of [«].) For each circuit C of M, let min^(C) be the minimal element of C with respect 
to -<. By abuse of notation, we sometimes also write min^(C) for the set {min^(C)}. Then 
bc^(C) = C — min^C) is called a broken circuit. The broken circuit complex of (M, -<), denote 
by BC^(M), is the collection of all subsets of [n] that do not contain a broken circuit. It is well- 
known that BC^{M) is an (r — 1) -dimensional shellable complex; see ll28l or also E 7.4]. Let 
K be a field and let ^ (M) C S = K[x\ ,...,x n ] be the Stanley-Reisner ideal of the broken circuit 
complex BC^(M). Then J^(M) is generated by all the monomials #i, Cx (c) := \~\iebc^(c) x i> where 
C G £(Af). From the shellability of BC^(M) it follows that the Stanley-Reisner ring 5/J^(M) is 
a Cohen-Macaulay ring of dimension r. 

When M = M(sf) is the underlying matroid of a central arrangement =2/, Proudfoot and Speyer 
[29] showed that the Stanley-Reisner ring of BC^{M{js/)) is a degeneration of the Orlik-Terao 
algebra of &/ for any choice of the ordering -< (here M{stf) is considered as a matroid on [n]; 
see Example I2.2f ii)). This relation between the two algebras, which plays an important role to 
our paper, is the spirit of the following theorem. Note that if C is a circuit of M{&?), then there 
exist nonzero scalars {a, : i G C}, unique up to scaling, such that rc = Y*iec a i x i i s a relation of the 
relation space F(&/). Recall from ll29l Theorem 4]: 

Theorem 2.3. Let be a central arrangement ofn hyperplanes in a vector space V over afield 
K. Let M = M(£/) be the underlying matroid of si ' . Then the set {d (rc) : C G £(M) } is a universal 
Grbbner basis for the Orlik-Terao ideal I(^) of si . Given any ordering -< of [n], with an arbitrary 
induced monomial order on K[x\ ,.. . ,x n ], we have ia^(I(s/)) = J"^{M). 

In particular, it follows from the above theorem that Orlik-Terao ideals are Cohen-Macaulay. 
These ideals are also prime, as shown in [33, Proposition 2.1]. 

We now turn to necessary results concerning Orlik-Solomon algebras of matroids. Observe 
that the definition of the Orlik-Solomon algebra of an arrangement depends only on its underlying 
matroid and thus can be extended to the matroid level. Let M be a matroid on [n] and let E = 
K(e\, . . . ,e n ) be a standard graded exterior algebra over a field K (one can also replace K by any 
commutative ring). The Orlik-Solomon ideal of M is the ideal J(M) C E generated by dej for 
every dependent set T of M. Here, for a subset T = {i\, . . . , i m } of [n], we write ej = ■ ■ ■ and 
de T = Hli(-l) f ~ le r-{i,}- The Orlik-Solomon algebra A(Af) of M is the quotient ring E/J(M). 
Assume now that (M, -<) is an ordered simple matroid of rank r. Then we have a decomposition 
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A(M) = 0p =o Ap(M) as a graded ^-vector space. Recall the definition of the Poincare polynomial 
of A(M): 

r 

n(A(M),t) = Y,dim K A p {M)t p . 

p=0 

It is known that 

(1) 7T(A(M),0= j^fp-itP, 

where f_\ = 1 and (/o, . . . ,/r-i) is the /-vector of the broken circuit complex BC^(M); see [3] 
Corollary 7.10.3]. This leads to the following relation between jr(A(M),f) and the Hilbert series 
of the Stanley-Reisner ring of BC^(M), from which a formula of Terao for the Hilbert series 
of the Orlik-Terao algebra [ 35 , Theorm 1 .2] follows immediately. For a graded K- vector space 
W = © p > Wp, we denote H w (t) = £ p > dim^ W p t p the Hilbert series of W. 

Proposition 2.4. Let (M,-<) be an ordered simple matroid of rank r on [n]. Let J^^(M) C S = 
K[x u ..., x n ] be the Stanley-Reisner ideal of the broken circuit complex BC^(M). Then we have 

fls/^(J0(0 = ^(A(M),— ). 

In particular, ifM = M(g/) is the underlying matroid of a central arrangement g/ then 

Hc(^)(t)=H s/ ,s AM) (t) = 7i(A(M),j^). 

Proof. Let (/o, . . . ,/r-i) be the /-vector of the complex BC^(M) and let /_i = 1. Then it is well- 
known that #s/j^(m)(0 = Lp=o/p-i (t^t) ' see ' e -§-' SHI Proposition 6.2.1]. This, together with 
£0), implies the first assertion of the proposition. The second one follows from the first one and 
Theorem [23] □ 

We conclude this section with a quick review of the chromatic polynomial of a graph. Let G be 
a simple graph on i vertices. For each positive integer t, let %(G,t) be the number of colorings of 
G with t colors. This function is a polynomial, called the chromatic polynomial of G. Let M(G) 
be the cycle matroid of G (see Example I2.2[ ni)) and let -< be an ordering of the edge set of G. A 
classical theorem of Whitney OBI (see also the exposition of Wilf [37]) says that 

X(G,t) = t e -a 1 t e - 1 +a 2 t e ~ 2 + (-\) l - l at-\t, 

where (fli,... ,a r ) = (fo, . . . ,/ r -i) is the /-vector of the broken circuit complex BC^{M{G)) (r is 
the rank of M{G)) and a; = for i > r. By ([]]), one can rewrite %{G,t) as follows 

X (G,t) = £ (-l) p / p V'- p = t e t f P -i(-t)- p = ^(A(M(G)), -r 1 ). 

p=0 p=0 

Thus we have the well-known result (which is also a consequence of 01 Corollary 7.10.3]): 
Corollary 2.5. Let G be a simple graph on £ vertices. Then #(G,f) = t £ n(A(M(G)), — t~ l ). 

3. COHEN-MACAULAY IDEALS AND LINEAR RESOLUTIONS 

Orlik-Solomon ideals admitting a linear free resolution were first characterized by Eisenbud, 
Popescu and Yuzvinsky |[T5l Corollary 3.6]. This result was then extended to matroids by Kampf 
and Romer IF2T1 Theorem 6.11]. In this section, we characterize Orlik-Terao ideals which have a 
linear resolution. This will be done first for the Stanley-Reisner ideal of the broken circuit complex 
of a matroid. Our characterizations are similar to those in lfl5l . ETI . 



6 



LE VAN DINH AND TIM ROMER 



Recall that S = K[x\,. . . ,x n ] is a standard graded polynomial ring over a field K. Throughout 
this section, K is assume to be infinite. A finitely generated graded 5-module W is said to have a 
p-linear resolution if the graded minimal free resolution of W is of the form 

0^S(-p-mf»> -> >S(-p- l) ft ^S(-p) ft ->0. 

The following characterization of Cohen-Macaulay ideals with linear resolution is essentially due 
to Cavaliere, Rossi and Valla ifTTl Proposition 2.1] (see also Rentena and Villarreal [30, Theorem 
3.2]). We present here another proof for later use. 

Proposition 3.1. Let I = ©,>o^/ be a graded Cohen-Macaulay ideal in S of codimension h. 
Assume p is the smallest integer such that I p ^ 0. Then the following conditions are equivalent: 

(i) I has a p-linear resolution; 

(ii) For any maximal S/I-regular sequence vi, . . . ,y n -h of linear forms in S, we have I = 
m p , where 1 and m are respectively the image of I and the maximal graded ideal m = 
(xi,...,Xn) inS/(yi,...,y n - h ); 

(iii) H(I,p) = \ ), where H(I,.) denotes the Hilbert function of I. 



Proof. Note that there always exists a maximal ^//-regular sequence of linear forms in S as the 
coefficient field K is infinite; see, e.g., (9J Proposition 1.5.12]. 

(i) =^(ii): By factoring out the sequence y\, . . . ,y n -h, it is possible to assume that S/I is an 
artinian ring. Then we have the following formula for the regularity of this ring: 

reg(5/7) = max{/ : (S/I)i ± 0}; 

see, e.g., Il27l Theorem 18.4]. On the other hand, since I admits a /^-linear resolution, it is well- 
known that 

reg(5//)=reg(/)- l=p-\; 

see, e.g., |2T, Proposition 18.2]. Thus we obtain max{/ : (5/7), ^ 0} = p — 1, which simply means 
that/ = m p . 

(ii) =Ki): Since m p has linear quotients, it admits a p-linear resolution; see, e.g., lfT8l Proposition 
8.2.1]. It follows that I, and thus I, also admits a p-linear resolution. 

(ii)<^(iii): Note that if a linear form y € S is a nonzero divisor on S/I then 

£+M^ 7 - 7 - 

60 60 n/ yl ®j> p yli 

!. it I Mnu; cinr-p a?. , 

. (y) 

we have 

H(I,p) =H(T,p) <H(W,p) = (^ + k ~ 1 

with equality if and only if / = W ' . Note that the last equality in the above equation follows from 
the fact that S/(y\, . . . ,y n -k) is a polynomial ring in h variables over K. □ 

Corollary 3.2. Let I be a graded ideal in S and -< a monomial order on S. Assume that is 
Cohen-Macaulay. Then I has a linear resolution if and only ifin^(I) has one. 



In particular, H(I,p) = H ( ^ry-,p ) . Now since yi,... ,y n -h is an ^//-regular sequence and I C m p 



Proof. Note that I is also a Cohen-Macaulay ideal (see, e.g., 11181 Corollary 3.3.5]). The corollary 
now follows from the equivalent of conditions (i) and (iii) in Proposition 13.11 since I and in^ (I) 
have the same codimension and Hilbert function. □ 
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3.1. Stanley-Reisner ideals of broken circuit complexes. Let (M, -<) be an ordered simple ma- 
troid of rank r on [n]. Let J?^(M) C S be the Stanley-Reisner ideal of the broken circuit complex 
BC^(M). Those matroids M whose J^(M) admits a linear resolution are characterized in the 
following theorem. For Orlik-Solomon ideals, a similar characterization can be found in [21 , The- 
orem 6. 1 1]. In fact, one can prove the theorem by utilizing |2~T1 Theorem 6. 1 1] and [ 1 , Corollary 
2.2]. However, we present here a somewhat more direct proof which does not involve exterior 
algebras. 

Theorem 3.3. Let (M, -<) be an ordered simple matroid of rank r on [n] and let J'^M) be the 
Stanley-Reisner ideal of the broken circuit complex ofM. Then the following conditions are equiv- 
alent: 

(i) J'^ (M) has a p-linear resolution; 

(ii) 2 < p < r and M is isomorphic to U pn - r + p © U r -p,r-p- 

Proof. (ii)=>(i): Assume M is isomorphic to U Pi „- r+p © U r -p,r-p- Then after renumbering the 
variables (if necessary) we get 

J^iM) = (x h ■ ■ -x ip : 1 < /i < • • • <i p <n-r + p). 

This ideal clearly has linear quotients, and consequently, it has a linear resolution. 

(i)=Kii): Assume <y x (M) has a p-linear resolution. Evidently, 2 < p < r as M is simple. 
Recall that the ring S/J?^ (M) is Cohen-Macaulay of dimension r. Let y = y\ , . . . ,y r be a maximal 
S I \f^(M)-regu\ai sequence of linear forms in 5. Denote by ^^(M) the image of J'^fM) in 
S = S/(y). It follows from Proposition 13. ll that 

R := S/(J?4M) + (y)) - S/J^M) = S/W ^-■^ 

{Zl,...,Z n -r) p 

where m = {x\ , . . . ,x n ) and zi, ■ ■ . ,z n -r are variables. Since y is an S / ^^(M)-sequence, one gets 
the following relation between the Hilbert series of S/^f^ (M) and R: 

H s/ , MM) (t)=H R (t)/(\-ty. 

The /i-vector (ho, ... ,h r ) of S/J?^(M) is now computable: 

l ) for < k < p - 1 
for p < k < r, 



h k =H(R,k) 




where H(R, .) denotes the Hilbert function of R. This yields the following formula for the /-vector 
(/o,...,/^) ofS/^(M): 

Note that c = p + 1 is the smallest size of a circuit of M since (M) is generated by monomials 
of degree p. So by [3, Proposition 7.5.6], the /-vector of S/^^(M) attains its minimum and this 
forces M to be isomorphic to U p ^ n - r+p © U r -p,r-p- D 

Corollary 3.4. With the assumption ofTheorem \3.3\ if J' < (JvT] has a linear resolution, then so do 
all of its powers. 

Proof. By Theorem l3.3l if J^_< (M) has a linear resolution, then it is a so-called squarefree Veronese 
ideal. It is known that all powers of this ideal have linear quotients; see [18, Corollary 12.6.4]. 
Therefore, they all have a linear resolution. □ 
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3.2. Orlik-Terao ideals. Return to our assumption in the introduction: s/ is an essential central 
arrangement of n hyperplanes in an r-dimensional vector space V over K. Let M(si) be the 
underlying matroid and I{s#) C S the Orlik-Terao ideal of s/. We refer to ll23l Definition 1.15] 
for the coning construction of an arrangement. Characterizations of arrangements whose Orlik- 
Terao ideal has a linear resolution are given below. It turns out that this property of the Orlik-Terao 
ideal is combinatorial and holds for "almost all" arrangements. 

Theorem 3.5. For an essential central arrangement si of n hyperplanes in a vector space of 
dimension r, the following conditions are equivalent: 

(i) I(s/) has a p-linear resolution; 

(ii) 2 < p < r and M(s/) is isomorphic to U p .n- r + P ® U r - p . r - p ; 

(iii) 2 < p < r and s/ = si\ x s?2, where s/\ is a generic central arrangement ofn — r + p 
hyperplanes in a p-dimensional vector space and s/2 is a Boolean arrangement in an 
(r — p) -dimensional vector space; 

(iv) 2 < p < r and s/ is obtained by successively coning a generic central arrangement of 
n — r + p hyperplanes in a p-dimensional vector space. 

Proof. For an ordering -< of the ground set [n] of M(s/), we use the same notation to denote 
an induced monomial order on 5. Then by Theorem 12.31 in^(I(s/)) = J?^(M(s/)) . Now the 
equivalence of (i) and (ii) follows by combining Corollary 13.21 and Theorem 13.31 Whereas the 
equivalences of (ii) and (iii), (iii) and (iv) are just a matter of interpreting terminologies. □ 

Before going further, let us recall shortly here the notion of Koszul algebra. For more infor- 
mation, we refer to the survey of Froberg 1171 . Let B = y /I be a graded ^-algebra, where y is 
either a polynomial algebra or an exterior algebra over K and / is a graded ideal of 5? . Then B 
is called a Koszul algebra if K has a linear resolution over B. It is well-known that if B is Koszul 
then / is generated by quadrics. The converse is not true in general. However, it follows from a 
result of Froberg that if / has a quadratic Grobner basis then B is Koszul. 

The following consequence is immediate from the above theorem. 

Corollary 3.6. Let s/ be an essential central arrangement. Then I(sf) has a 1-linear resolution 
if and only if si is obtained by successively coning a central arrangement of lines in a plane. In 
this case, the Orlik-Terao algebra C(s/) is Koszul. 

4. The complete intersection property 

The broken circuit complex was introduced by Wilf in ll37l . There he found several necessary 
conditions for a polynomial to be the chromatic polynomial of a graph. He also computed the 
chromatic polynomials of the graphs that admit a broken circuit complex with disjoint minimal 
broken circuits, and derived from that upper bounds for coefficients of the chromatic polynomial 
of a maximal planar graph. In this section, we characterize, in terms of the set of circuits, those 
ordered matroids whose minimal broken circuits are pairwise disjoint, i.e., those ordered matroids 
whose Stanley-Reisner ideal of the broken circuit complex is a complete intersection. This result 
is applied to triangulations of simple polygons to show that the cycle matroid of such a graph 
admits a broken circuit complex with disjoint minimal broken circuits. Then we show that Con- 
jecture [L2] holds for matroids whose minimal broken circuits are pairwise disjoint. As another 
application, we improve Wilf 's upper bounds mentioned above. We also show, in codimension 
3, that Gorensteiness of the Stanley-Reisner ideal of the broken circuit complex is equivalent to 
be a complete intersection. Finally, we characterize arrangements whose Orlik-Terao ideal is a 
complete intersection and verify Conj ecture 1 1 . 2 I f or those arrangements. For the last result see also 
|[T3l Cor. 5. 12] who proved independently a variation of this statement with a different method. 
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4.1. Stanley-Reisner ideals of broken circuit complexes. Let (M, -<) be an ordered simple ma- 
troid on [n]. We keep some notation introduced before: £(M) is the set of circuits of M; J^(M) C 
S = K [x\, . . . ,x n ] denotes the Stanley-Reisner ideal of the broken circuit complex BC^(M); and 
min-< (C) and bc^ (C) are respectively the minimal element and the broken circuit of a given cir- 
cuit C with respect to -<. Recall that J^(M) = {xj, c jc) '■ C £ £(^0)> where x bc i c \ = Hiebc^(C) x i- 
Let 33 be a subset of (£(M). We call 33 a generating set of <£(M) if {x^(c) : C € 33} generates 
y^(M). Obviously, 33 is a generating set of <£(M) if and only if for any C G £(M), there is a 
C € S3 with bc^iC) C bc^(C), or, in other words, {ftc^(C) : C G 33} contains the set of minimal 
broken circuits of M. 

Let ^(33) be the intersection graph of 33, i.e., the graph whose vertex set is 33 and edges are 
pairs {C,C} with CD C' ^ 0. We say that 33 is connected (respectively, a tree, a. forest) when so 
is the graph (33). 

We will often consider those subsets 33 of £(M) with this property: for any distinct elements 
C,C' G 33, one has either Cfl C = min^ (C) or C n C = min^ (C") whenever C n C / 0. We call 
them simple subsets. Apparently, 33 is a simple subset of £(M) if and only if the broken circuits 
of the elements of 33 are pairwise disjoint. 

Now for each subset 33 of £(M), set 

\JD- |J (DnD')= U (D~ U (DHD')). 

DeT) D,D'e-X),D^D' Det) D'e'0-{D} 

Then our characterizations for the complete intersection property of the ideal (M) can be stated 
as follows. 

Theorem 4.1. Let (M,^) be an ordered simple matroid on [n]. The following conditions are 
equivalent: 

(i) J 2 ^ (M) jj a complete intersection; 

(ii) 77ie minimal broken circuits ofM are pairwise disjoint; 

(iii) There exists a simple subset Dof£ such that 

£(M) = {<T(33') : 33' C 33 is a tree}. 

To prove this theorem, we need some preparations. 

Lemma 4.2. Let 33 C £(M) be a simple subset of cardinality m. Then the following statements 
hold. 

(i) There is an enumeration of elements of®, say as C\,.. . ,C m , such that 

\Qn({JCj)\ < 1 foralli = 2,...,m. 

Moreover, ifD'CDis connected, then there exists such an enumeration so that the elements 
of®' appear first. 

(ii) 33 is a tree if and only if 33 is connected and any three distinct elements of 33 have empty 
intersection. 

(iii) We have 

| U (cnc')|<m-i, 

c,C'e£i,C^C' 
with equality if and only if® is a tree. 
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Proof, (i) By induction on m, to prove the first assertion it suffices to show that there exists a 
circuit C € D such that 

d(C):=\Cn( U C)|<1. 

CeD-{c} 

Assume the contrary, i.e., d{C) > 2 for all C € D. Consider the intersection graph W(D) of £). For 
each edge {C,C'} of we call CflC' its label. Then it is easily seen that £f (33) contains a cycle 
C\...Ck with pairwise distinct edge labels, i.e., C, nC,+i ^ Cy nC; + i for / 7^ 7 (Cjt+i = Ci). Let 
{e,} = Cj-nQ+i and assume e\ = min{e,- : i = 1, . .. ,&}. Recall that one has either ei = min^(Ci) 
or e\ = min^ (C2). We will consider the case e\ = min_; [C\ ), the other one can be treated similarly. 
Since 

{e k } = c k nc 1 ^c l nc 2 = {e 1 }, 

it follows that = min^(Ck). Proceeding in this way, we obtain e ; - = min^(C/) for all i = 1,. . . ,k. 
In particular, we have e 2 = min^^) < e\ G C2. This, however, is impossible because ei 7^ ^2 and 
ei = min{e, } < e 2 . 

In order to prove the second assertion, we first enumerate the set T>' as in the first assertion 
and then try to enumerate the set T) — D 1 to get a desired enumeration of D. The case that Cfl 
(Uc'eiD'C ') = for all C € 2) — D 1 is trivial: any enumeration of D — T)' as in the first assertion 
works. In the remaining case choose C S £> such that Cfl (Uc'eS'C) 7^ 0- If we can show that 
|Cfl ( Uc'eD' C) I = 1 tnen tne assertion will follow by induction. Assume that there are C\ € T)' 
such that CCiC\ ^ Cr\C 2 - Since ^(T)') is connected, there exists a path in 5f(2y) connecting C\ 
and C2. It follows that &(Q) has cycles containing {C\ ,C,C 2 }. Let 7 be such a cycle wit h shortest 
length. Then it is easy to see that the labels of the edges of 7 are pairwise distinct. But this cannot 
be the case as we have shown before. 

(ii) If three distinct elements C\,C 2 ,Ct, of 2) have non-empty intersection, then they form a 
cycle in the graph ^(53), hence 2) cannot be a tree. Conversely, assume that D is connected. If 
D is not a tree, then must contain some cycle 7. As shown in (i), there are two edges of 7 
which share the same label. The vertices of these two edges then have non-empty intersection. 

(iii) Enumerate the elements of D as in (i). We have 

m m 

I (J (cnc')| = |U(c ! -n(Uc y -))|<I|c,n(Uc,)|<m-i. 

C,C'£®,C^C i=2 j<i i=2 j<i 

The equality holds if and only if the sets Q PI (U/</C/) for i = 2, . . . ,m satisfy two conditions: 
they are non-empty; and, they are pairwise distinct. Observe that the first condition is equivalent 
to the connectedness of D, while the second one means that the intersection of any three distinct 
elements of D is empty. The assertion now follows from (ii). □ 

Remark 4.3. The proof of Lemma l4!2l i) is based on a fact that the graph contains no 

cycles whose edges have pairwise distinct labels. So when &(Q) has no cycles with pairwise 
distinct edge labels (in particular, when &(Q) has no cycles at all, i.e., D is a forest) and any two 
distinct members of D intersect in at most one element (but D need not be simple), the conclusion 
of Lemma I4.2H ) is still true. Moreover, in this case, there is an ordering of the ground set [n] such 
that D is simple with respect to this ordering. Indeed, one first enumerates the elements of T) as 
C\ , . . . , C m such that 

|qn((JC;)| < 1 for all/ = 2,..., m. 

Set D\ = C\ and D ( - = C ; - — [jj^Cj for i = 2, . . . ,m. Then any ordering -< of [n] such that dj -< dj 
whenever d[ £ Di,dj G Dj and i < j satisfies the requirement. 
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Lemma 4.4. Let 2), 2)' C (£(M) fee non-empty simple subsets. Then the following statements hold. 

(i) There exists a circuit C £ £(M) swcfe that C C ^(2)). 

(ii) Iftf(®) C C'/or some drew/* C" G £(M), ffeera <?f(2)) = C' am/ 2) ij a ?ree. 

(iii) 7/2) w a tree, 2) U 2)' is simp/e and C ^(2)), ffeerc 2) = 2)'. 

Proof. Enumerate the elements of 2) as in Lemma l4~2ll ). It is clear that with this enumeration we 
have 

Ci<£[JCj for all i = 2,...,m, 

j<i 

where m = |2)|. By virtue of Lemma l4.2f iii). one can choose a subset B of [n] with |B| = m — 1 so 
that B contains Ud D'e'3,D^D'(Dr\L)'). ^ now follows from Theorem 12. II that there exists a circuit 
C G £{M) such that 

m 

cc(Jq-bc(Jd- [J (DnD') = ^(2)). 

(=1 Z)e£ D,D'E®,D=£D' 

If there is another circuit C" G £(M) with ^(2)) C C', then since C C C are both circuits we 
must have C = C". This implies that C" = tf(D) and B = [JD,D'eT>,D^D'( DnD ')- As 

| [J (DnD')l = \ B \ =m-l, 

D,D'E®,D^D' 

Lemma FOll ii) guarantees that 2) is a tree. 

To prove (iii), we first show that 2)' C 2). Indeed, we have 

<T(2)) = <«f (S) U^(2)') D <T(2) US)'). 

Choose an enumeration of elements of 2) U2V in which the elements of 2) appear first as in Lemma 
I4.2H ). If 2)' ^ 2), then there exists a circuit D' £ 2)' (for instance, D' can be chosen to be the last 
element in the enumeration) such that 

D% (J D. 

Then for any d £ D' — Uo'/oeDul)'^ we nave d e ^(2) U2)') — ^(2)). This contradiction shows 
that 2)' C 2). Suppose 2)' ^ 2>. Then since 2) is connected, there exist Di G 2)' and D 2 £ 2) - 2)' 
such that Di nD2 7^ 0. The fact that three distinct elements of 2) have empty intersection (see 
Lemma l4~2l n)) yields 

DiDD 2 ^ U (DDD'). 

D,D'e®',D^D' 

This implies Di nD 2 C ^(2)') - ^(2)), which contradicts the hypothesis. Hence 2) = 2)'. □ 

Lemma 4.5. Let 2) C (£(M) fee simple. Assume that 2) is a generating set of<t(M). Then for any 
C £ <t(M), there exists a subset 2)' C 2) swcfe ffea? C C UoeD'^ a?1 ^ 

DCCU( |J D') forallD£T)'. 

D'e£'-{D} 

If this is the case, then 2)' raws? fee a tree and we have C = c rf(D'). 

Proof. Suppose on the contrary that there is no such 2)'. If C C [Jd^D (we will not exclude the 
case that C LtaeiD^ i n our argument below), then there must be some D m G 2) (m = |2)|) such 
that 

A»£CU( |J D), 
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where S) m = D — {D m }. If C C Uoe® A then there exists again some D OT _i G 2) m such that 

Vi^Cu( |J D), 

where 2) m _i = 2) — {D m -i,D m }. Continuing this argument, we eventually get an index 1 < i < 
m + 1, elements D,, . . . ,D m € £), and subsets D j = £) — {Dj, . . . ,D m } (j = /,... ,m) such that 

C£ U D, 

DeD, 

D^CU( (J D) for all j = i,...,m. 

(The case / = m + 1 simply means that C ^ LtaeD^-) Now enumerate the set 2), as in Lemma 
l42f i): = {Di, . . . ,D,_i}. Then for j = 2,. . . , i - 1 we have 

So the following enumeration of the set D U {C}: 

D\,... ,Dj _i,C,D;, . . . ,D m 

satisfies the hypothesis of Theorem 12. II Therefore, if we take dj G &c.< (Dy) for j = 1 , . . . , m, then 
there exists a circuit C S £(M) such that 

m 

C'CCudjD,)-^!,...,^}, 

7=1 

Obviously, bc^(Dj) ^ bc^(C') for all j =l,...,m. But this contradicts the hypothesis that D is a 
generating set of £(M). Hence, there must be a subset D' of £) having the required properties. 
Since D C CU (UzyeD'-jZ)}-^') we nave 

D — (J (DflD')CC for all DSD'. 

D'GD'-{D} 

It follows that 

^(D')=|J(D- |J (DnD'))cc. 

DgD D'eD-{D} 

The last assertion now follows from Lemma |4~4l li). □ 

Let D be a simple subset of £(M) which is also a tree. We have not yet known whether ^(D) 
is a circuit of M (this is true, though, at least in the case where the minimal broken circuits of M 
are pairwise disjoint, as will be proved below). However, in the following lemma we still use the 
notation bc^^ip)) to denote the set <?f(2)) -min^(^(D)). 

Lemma 4.6. Let £) C £(M) be a non-empty simple subset. Assume further that H) is a tree. Then 
there exists a circuit C E 33 such that bc^{C) C be (D)) . 

Proof. The case |2) | = 1 is trivial, so we will assume that \D\ > 2. Then it is a basic fact in graph 
theory that the tree &(Q) has at least two leaves; see, e.g., J6l Proposition 4.2]. Thus there are two 
circuits C\ , C2 G D such that 

|C,-n( U C) I = 1 for 1 = 1,2. 

ce£-{c,} 
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Denote by m(33) the set {min^(C) : C G 33}. Recall that 

U (cnc')cm(D), 

and since 3D is a tree, 

| [J {Cr\C')\ = |33|-1 > |m(33)|-l. 

C,C'&£>,C^C 

Thus there might be at most one element of m(33) which is not in Ucc'eD c^C^^^O- ^ follows 
that C, n ( UceD-{c,} C) = mm ^ (Q) for either / = 1 or / = 2. Let us assume, say, that i = 1. Then 

fec^(Ci) =Ci -min^(Ci) =C\ - \J (Ci DC) C <<f(33). 

Ce£>-{Ci} 

Consider the following two cases: 

Case 1: C2 n (Uces-to}^') = rnin^(C2). Then we also have &c^(C 2 ) C ^(33) as above. 
Since fec^(Ci)nfec^(C 2 ) =0, it follows that min^(<if(33)) G" &c x (Ci) ormin^(^(S))) (£bc^(C 2 ). 
Hence, we get either fcc^(Ci) C 6e^("jf (J))) or 6c^(C 2 ) C 6c^(if (©)). 

Case 2: C 2 n (UceD-{c 2 } c ) / min^(C 2 ). Then min^(C 2 ) G ^(33). Let D V D 2 ...D S be a 
path in the intersection graph ^(33) which connects Ci and C 2 (Ci = Di,C 2 = D v ). Note that 
min_ < (D s ) ^D s _\ HD S because min^(D v ) = min^C^ G "^(33). Hence, D f _i nD s = min_ < (D 1 _i). 
Consequently, D; nD,- + i = min_< (D,) for i = 1, . . . , s— 1 since any three distinct elements of 33 have 
empty intersection, by Lemma POl ii). From this we get 

min^C^ = min_ < (D i ) < min^(D s _i) < • • • < min^(Di) = min^Ci). 

Thus min_<( < £ , (33)), which is not greater than min_ < (C 2 ), does not belong to bc^(C\). This yields 
bc^id) Cbc H (tf(S))). □ 

We are now ready to prove Theorem 14. II 

Proof of Theorem WA\ (i)=>(ii): Assume J?^(M) is a complete intersection. Then J^M) = 
(«i, . . . ,Uh), where u\,...,Uh are pairwise coprime monomials. Let C\,...,Ch be circuits of M 
such that XbcjQ) = «i for i = 1,. . . ,h. Then the broken circuits bc^(Ci) are pairwise disjoint. We 
need to show that if C G £(M) and bc^ (C) is a minimal broken circuit of M then C = Cy for some 
1 < j < /i. Indeed, one checks that {bc^{Ci) : i = 1, ...,h} is the set of minimal broken circuits 
of M, so bc^(C) = bc^{Cj) for some 1 < j < h. If C ^ Cj, then by Theorem 12.11 there exists a 
circuit C' of M with 

C'CCUC r {<?} = (C/) U min^ (Cj) U min^ (C) - {<?} , 

where e G bc^(Cj). Observe that one has either bc^(C) CC - {e} or bc^(C') C C,- — {e}. From 
this it easily follows that bc^(Ci) <£. bc^(C) for all i = 1,. . . ,h, which is a contradiction. 

(ii)=>(iii): Let 33 be the subset of £(M) such that {6c-< (C) : C G 33} is the set of minimal broken 
circuits of M. Then 33 is simple because the minimal broken circuits of M are pairwise disjoint. 
Since 33 is a generating set of £, it follows from Lemma 1431 that 

£(M) C {<*f(33') : 33' C 33 is a tree}. 

Now let 33' C 33 be a tree. By Lemma l4~4f i). there exists a circuit C G <t(M) such that C C ^(33'). 
As we have just seen, C = 'rf (33") for some tree 33" C 33. It then follows from Lemma l4~4l ui) that 

&(&)=&(&') =Ce<t(M). 

Therefore, 

t(M) = {<&(&) : 33' C 33 is a tree}. 
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(iii)=Ki): Since 2) is simple, the monomials Xb c jQ for C € S are pairwise coprime. Thus it 
suffices to show that J'^iM) = {x^jc) '■ C G S), or in other words, D is a generating set of £(M). 
The latter fact is, however, merely a consequence of Lemma 1431 □ 

Example 4.7. Let G be the graph in Figure 14.11 with the given numbering of the edges. Let 
M = M(G) be the cycle matroid of G. We have 

£(M) = {{1,2,8}, {3,4,9}, {5,6, 10}, {7,8, 9, 10}, {1,2,9, 10,7}, {3,4,10,7, 8}, 

{5, 6,7,8,9},{1, 2,3,4, 10,7}, {3,4,5, 6,7,8}, {1,2,9,5, 6,7}, {1,2,3, 4,5, 6,7}}. 

With the ordinary ordering of {1,...,10}, the minimal broken circuits of M are not pairwise 
disjoint (e.g., {2,8} and {8,9,10}). However, this can be the case for other orderings. Con- 
sider, say, the ordering 10 ^ 9 ^ ••• ^ 1. In this case, the minimal broken circuits of M are 
{1,2}, {3, 4}, {5, 6}, {7, 8, 9}, and the ideal 

J^(M) = (xiX 2) *3Xi,X5*6,*7*8*9) 

is a complete intersection. 
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Figure |4~T1 



The above example illustrates a somewhat more general fact which holds for arbitrary triangu- 
lations of simple polygons. Recall that a simple polygon can always be partitioned into triangles 
by its diagonals; see, e.g., l25l Theorem 1.2.3]. 

Corollary 4.8. Let G be a triangulation of a simple polygon. Denote by M{G) the cycle matroid 
of G. Then there exists an ordering -< of the edges of G such that the minimal broken circuits of 
the ordered matroid (M(G),~<) are pairwise disjoint. 

Proof. Denote by £ the set of circuits of M(G). Let T) be the subset of £ consisting of circuits 
which are boundaries of triangles of G. Then the intersection graph 5f(£>) of D is a tree; see ll25l 
Lemma 1.2.6]. So by Remark 1431 D is a simple subset of £ with respect to a suitable ordering -< 
of the edges of G. It is then clear that £ can be described as in Theorem 14. 1[ i.e., 

£ = {<r(D') :3'CD is a tree}. 

Thus the minimal broken circuits of (M(G), -<), which are the broken circuits of the elements of 
D, are pairwise disjoint. □ 

In the following theorem, we verify Conjecture 11.21 for ordered matroids with disjoint mini- 
mal broken circuits. A formula for the Poincare polynomials of the Orlik-Solomon algebras of 
those matroids is also derived. It can be considered as a generalization of a formula for the chro- 
matic polynomials of the graphs that admit a broken circuit complex with disjoint minimal broken 
circuits obtained by Wilf in [37]. 
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Theorem 4.9. Let (At, -<) be an ordered simple matroid on [n]. Assume that the minimal bro- 
ken circuits of At are pairwise disjoint. Then we have the following formula for the Poincare 
polynomial of the Orlik-Solomon algebra ofM: 

n(A(At),t) = (t + i)»-Jti*-TJ ((/ + i)* -t*), 

i=i 

where q\,...,qh are the sizes of the minimal broken circuits. Moreover, the following conditions 
are equivalent: 

(i) 71 (A(Al),t) factors completely over Z; 

(ii) qt = 2 for all i= 1, . . . ,h; 

(iii) At is supersolvable; 

(iv) A (AT) is Koszul. 

Note that the formula for the Poincare polynomial can also be deduced from [7] since the 
underlying simplicial complex can be seen as an iterated join of boundaries of simplices. Then 
the corresponding characteristic polynomial factors nicely and one concludes by applying, e.g., 
E Corollary 7.10.3]. 

Proof. Let Ci, . . . ,C/, be the circuits of At such that {bc^(C{) : i = 1,... ,h} is the set of minimal 
broken circuits of At. Then J?^(M) = (x^jq) '■ i = I, ■ ■ ■ ,h) is a. complete intersection. In this 
case, the Hilbert series of the ring S/ .y^(At) is easily computable: 

H (a - nti(i-'*) 

H S /^(M){t) - -R—ff ■ 

Proposition 12 .4 1 now yields 

K(A(M),t) = H s/ ^ m =( t + n ((t + 1)* " t*) ■ 

Since (t + 1)* — t qi = njLi( f + 1 — where ^ is a primitive g/th root of unity, it follows 
from the above equation that n(A(M),t) factors completely over Z if and only if qi = 2 for all 
i = l,...,h (note that qt > 2 as M is simple). This proves (i)44>(ii). The implication (ii)=>(iii) is 
true for all simple matroids; see El Theorem 2.8]. It is well-known that if M is supersolvable, 
then the Orlik-Solomon ideal J(M) has a quadratic Grobner basis; see [3j Theorem 7.10.2] and 
101 Theorem 2.8]. So the implication (iii)=>(iv), which now follows from a result due to Froberg 
(see lfl7l ). is also true in general. Finally, in order to prove the implication (iv)=Kii), recall that 
the Koszulness of A(M) implies the quadraticity of the Orlik-Solomon ideal J (At), it suffices to 
show that dec, are minimal generators of J (At) for i = 1, .. . ,h. From the description of C(At) 
in Theorem 14. II we easily get J (At) = (deQ '■ i = 1, . • . ,h) (this can also be seen from a result of 
Bjorner [3, Theorem 7.10.2] that {deQ : i = 1, ... ,h} is a Grobner basis of J (At) with respect to 
the lexicographical order). Thus if deQ is not a minimal generator of J (At), then 

deQ = ^ ajdecj , aj £E. 

It follows that there must be some j ^ i and some e G Cy such that Cj — {e} C bc^ (Ci). But this is 
impossible because bc^ (Ci) n bc^ (Cj) = 0. The theorem has been proved. □ 

Example 4.10. Let G be a triangulation of a simple polygon of £ vertices. Then G has 21 — 3 edges 
and consists of £ — 2 triangles; see, e.g., ||2"5l Theorem 1.2.3 and Lemma 1.2.4]. By Corollary 14. 8 1 
there exists an ordering -< of the edges of G such that the minimal broken circuits of the matroid 
(M(G) y <) are pairwise disjoint. Note that all these minimal broken circuits have cardinality 2 
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since they come from triangles of G. So by Corollary 12.51 and Theorem 14.91 we obtain a known 
formula for the chromatic polynomial of G: 

X(G,t) = t e x(A(M(G))-r 1 ) 

= ^(_ r l + ^21-3-2^-2) {2{ _ t) - 1 + x) t-2 = f{t _ {){t _ 2) t-2_ 

We now improve Wilf's upper bounds on the coefficients of the chromatic polynomial of a 
maximal planar graph in 071 Theorem 4]. Recall that a planar graph G is called maximal if one 
cannot add a new edge (on the given vertex set of G) to form another planar graph. It is well- 
known that a maximal planar graph G with £ > 3 vertices has 21 — 4 faces, and every face of G 
(including the outer face) is bounded by a triangle. As a key step in proving [37, Theorem 4], Wilf 
showed that for a maximal planar graph G with I > 3 vertices, there exists an ordering of the edges 
of G so that the cycle matroid M(G) has at least 1 — 2 pairwise disjoint broken circuits, cf. 071 
Theorem 3]. This can be sharpen as follows. 

Proposition 4.11. Let G be a maximal planar graph with £ > 3 vertices. Then there exists an 
ordering of the edges of G so that the number of pairwise disjoint broken circuits of M(G) with 
respect to this ordering is bounded below by £ — 2+ [£/^\- Moreover, if the dual graph of G 
contains no triangles, then the lower bound can be improved to £—3+ 

Proof. Denote by £ the set of circuits of M(G). Let D be the subset of £ consisting of circuits 
which are boundaries of faces of G. Observe that the intersection graph ^(23) is isomorphic to the 
dual graph of G. So &(Q) is a cubic graph of 2£ — 4 vertices. We will assume that £ > 4 as the 
cases £ = 3 and £ = 4 can be easily checked (of course, one may also apply 11371 Theorem 3] to 
these cases). Then by (5] Theorem 4 and Theorem 5], there is a forest D'cD with the cardinality 
at least 

(a) (5(2£ - 4) - 2) /8 = I - 2 + {I - 3) /4 in the general case, and 

(b) (2(2^-4)- l)/3 = ^-3 + ^/3 in the case S?(2)) has no triangles. 

Now by Remark 1431 D 1 is a simple subset of £ with respect to a suitable ordering of the edges 
of G. Since the broken circuits of the circuits in D 1 are then pairwise disjoint, the proposition 
follows. □ 

The above proposition yields the following improvement of 071 Theorem 4]. 

Theorem 4.12. Let %(G,t) = t e + Lp=i( — l) p a p t f ~ p be the chromatic polynomial of a maximal 
planar graph G. Then the coefficients of%(G,t) are dominated by the corresponding coefficients 
of the function 

Q (t) = r M+ ^ (t + i)*-2-2L^/4j {t + 2 y-2HW , 

or explicitly, 

^ ^ „„ mi „ _ 2 _ 2im , , t _ 2+ W4l , p=i< ( i 

k=o V p k ) \ k ) 
In the case when the dual graph ofG has no triangles, the function Q(t) can be replaced by 
R(t)= t -t+*+W*\ ( t + 1)<-2W31 {t + 2)^3+^/31 ; 

and we have 
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Proof. One only needs to replace 071 Theorem 3] by Proposition ^. 1 1 l in the proof of [ 37 , Theorem 
4]. ' □ 

We end this subsection with an examination of 3-codimensional Stanley-Reisner ideals of bro- 
ken circuit complexes. We show that for those ideals, Gorensteiness is equivalent to be a com- 
plete intersection. Gorenstein ideals of codimension 3 were classified in Buchsbaum-Eisenbud's 
structure theorem ifTUl Theorem 2.1]. Bruns-Herzog (8] Theorem 6.1] and Kamoi ll20l Theo- 
rem 0.1] then independently refined this classification for monomial ideals. They showed that if 
I C S = K[x\ , . . . ,x n ] is a monomial Gorenstein ideal of codimension 3 with m minimal generators 
(m is odd by [10, Theorem 2.1]), then there are m pairwise coprime monomials u\, . . . ,u m of S 
such that / is generated by the monomials 

V{ = UiU i+ \ ■ ■ ■ w !+ ,s_i, i = 1 , . . . , m, 

where s = (m — l)/2 and uj = uj- m for j > m. 

Proposition 4.13. Let (M,-<) be an ordered simple matroid on [n] and let J^(M) C S be the 
Stanley-Reisner ideal of the broken circuit complex of M. Assume that codim J^(M) < 3. Then 
J^^(M) is Gorenstein if and only if it is a complete intersection. 

Proof. The proposition is true for all ideals of codimension 1 and codimension 2; see |[T4l Corol- 
lary 21.10]. Therefore, it suffices to prove that J'^iM) is a complete intersection when it is a 
Gorenstein ideal of codimension 3. Let m be the number of minimal generators of J^(M). Set 
s = (m — l)/2 and let mi, . . . ,u m be pairwise coprime monomials such that / = (vi , . . . , v m ), where 
Vj = MjMj+i • • • Wi+j-i for i = 1, .. . ,m (uj = uj- m if j > m). We need to show that m = 3. Suppose 
on the contrary that m > 3. Put min_ < (w,) = min^jj : Xj j uf\ for i = 1, . .. ,m. We may assume 

t := min^Mi) = min^{min_ < (M,) : i = 1,. . . ,m}. 

Let C; be the circuits of M such that v; = x bc ^ Cj ^ for i = 1, . . . ,m. Note that u\ \ v m since s > 1. So 
the above assumption yields 

t = min^ (bc^{C\)) = mm^[bc^(C m )) = min_ < {min^(fec^(C ! )) : / = 1, . . . ,m}. 

Hence we can find p,q -< t such that C\ = bc^(C\) U {p} and C m = bc^(C m ) U {q}. By Theorem 
|2~T1 there exists a circuit C of M with CCQ UC„, - {t}. Since xwc) G ^{ M )> 1[ follows that 

x c^c,„-{t} G ^(M). We have 

Ml 

*CiUC„,-{f} = M 2 ' ' • U s -\U s U m X p X q . 

x t 

Asm>i + 1 and (vi,x p x q ) = 1 for i = 1, .. . ,ra, it is easy to check that v, f ^CiUC m -{?} f° r an 
/ = 1, . . . ,m. This implies x Cl uc„,-{t} ^~<(M), a contradiction. □ 

4.2. Orlik-Terao ideals. In the following we will characterize arrangements whose Orlik-Terao 
ideal is a complete intersection and show that Conjecture 1 1.21 holds for those arrangements. We 
begin with a simple lemma. It is known, but due to the lack of reference we present a proof here. 

Lemma 4.14. Let I C S = K[x\ , . . . , x n ] be a graded prime ideal which is minimally generated by 
homogeneous polynomials u\,...,Uk. Then the following conditions are equivalent: 

(i) / is a complete intersection; 

(ii) Every subset ofu\ , . . . generates a prime ideal. 

Proof. (i)=Kii): Let R be a quotient ring of S by a graded ideal. By descending induction it is 
enough to show that if there is a homogeneous regular element u 6 R such that («) is a prime ideal, 
then R is a domain. Indeed, let P C (u) be a minimal prime ideal of R. Then for each v € P we 
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have v = uw with w £ R. Since u £" P, w is an element of P. It follows that P = uP, and hence 
P = by Nakayama's lemma. Therefore, R is a domain. 

(ii)=Ki): Let /; = {u\ , . . . , uj) for j = I,. . . ,h. Then we have a chain of prime ideals: 

c h c • • • c 4 = /■ 

This chain is strict because of the minimality of the set of generators {u\ , . . . , m/,}. Hence codim/ = 
/z, from which follows that / is a complete intersection. □ 

As before, let si be an essential central arrangement of n hyperplanes in a vector space V over a 
field K. Let M(£?) be the underlying matroid and I{s^) C S = K[x\ ,x„] the Orlik-Terao ideal 
of Denote by £ = C(M(ff/)) the set of circuits of M{sf). Recall that each circuit C of M (^) 
corresponds to a unique (up to a scalar multiple) relation rc in the relation space F(&tf). The ideal 
is then generated by the polynomials {drc : C G £}; see Theorem 12.31 In the following we 
will sometimes make use of the fact that is a prime ideal (see IT331 Proposition 2. 1]) without 
mentioning it explicitly. 

Lemma 4.15. Assume that I(^) is a complete intersection. Let 2) be a subset of <£ such that 
{drc,C £ D} is a minimal system of generators of I{s$\ Then for every subset D' ofD, if a 
relation r belongs to the subspace ofF(&/) generated by {rc,C £ D'}, then dr is an element of 
the ideal ofR generated by {drc,C £ D'}. 

Proof. For each relation r = Y!!=i a i x i £ F(£/), set A r = {i £ [n] : a,- ^ 0}. Assume now that 
r = Lce£>' a c r c, a c £ K. Substituting (1/jci, . . . , 1 /x n ) in this equation we get 

dr_ _ ^ flcd^c 

XA r CeD' Xc 

It follows that 

X [«]-A, = 22 a c^[»]-c^ r c G (5r c : C £ ID'). 

By Lemma 14.141 /jy = (5rc : C £ ID') is a prime ideal. Since /jy is generated in degree > 2, 
X [n]-Ar & fe'- Hence, dr £ □ 

We are now in a position to prove the following characterizations of the complete intersection 
property of the Orlik-Terao ideal. 

Theorem 4.16. Let be an essential central arrangement of n hyperplanes. The following 
conditions are equivalent: 

(i) I(s/) is a complete intersection; 

(ii) There is an ordering -< of [n], with an arbitrary induced monomial order on R, such that 
in^ (/(.e/)) is a complete intersection; 

(iii) There is an ordering -< of [n] such that the minimal broken circuits of (M(g/),~<) are 
pairwise disjoint; 

(iv) There is an ordering ~< of [n] and a subset T) of <£ which is simple with respect to -< such 
that £ = : ID' CD is a tree}. 

Proof. By Theorem [23] and Theorem 14. 1[ we only need to prove the implication (i)=^(ii). Assume 
that I(sf) is a complete intersection. Let ID be a subset of £ such that {drc,C £ ID} is a minimal 
system of generators of I(stf). We will show that there is an ordering of [n] so that ID is simple 
with respect to this ordering. By Remark l4~3l this will be done after the following two claims have 
been proved. 

Claim 1. |CnC[ < I for all C,C £ ID. 
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If this is not the case, then there are distinct elements p,q £ C\ DC 2 for some C\,C 2 £ 2). We 
may assume tq = x p + £ 7 - e q-{p} a ji x j f° r ' = 1,2. Then the relation r = rc l — rc 2 does not involve 
x p . By Lemma I4T51 dr = f\dr Cx + f 2 dr Cl for some polynomials /i,/2 £ 5. Write /j = gj+x p hi 
with £ 5 and does not involve x p . We have 

dr = f 1 dr Q +f 2 dr C2 

= (gi +x p hi)(x Cl -{p} +x p ki) + (g 2 +Xph 2 )(xc 2 -{ P } +Xpk 2 ) (h,k 2 £ S) 
= gi x c l -{p}+g2x Cl -{p}+Xpl (leS). 

This yields dr = gix^-ip} +g2 x c 2 -{p} s i nce dr does not involve x p . It follows that x 9 | dr. But 
this is impossible by the definition of dr. 

Claim 2. The intersection graph (2?) <ioes no? /zave a cyc/e w/Y/i pairwise distinct edge labels, 
i.e., a cycle C\...C m with Ci n C,- + i ^ Cy PI Cy + i whenever i ^ j. 

We use a similar argument as in the proof of Claim Q] Suppose that ^(£>) contains cycles 
with pairwise distinct edge labels. Let Ci ... C m be such a cycle with shortest length. Then it is 
easily seen that QHCj = for i = l,...,m and j ^ i— 1, i+ 1 (C m+ i = Ci). Let C; HQ+i = {;?,} 
for / = 1 , . . . , m. Recall that the relations rq are determined up to a scalar multiple. So we may 
choose these relations such that the relation r = Y4L1 r Q does not involve x Pl , . . . , Xp^ . By Lemma 
14.151 dr = YULi fidrd for some £ S. Let P be the ideal of S generated by x Pl , . . . ,x Pml . Write 
fi = gj + hi with hj £ P and gi does not involve x Pl , . . . ,x Pm _ 1 for i = l,m. Note that drq £ P for 
i = 2, . . . ,m — 1. We have 

m— 1 

oY = f\dr Cl +f m dr Cm + 52 /i<^c, 

i=2 

= (gi +/zi)(x Cl _ {pi} + (g m + A m )(xc (n -{ Pl „_ 1 } +^ m _i^') 

m— 1 
i=2 

= gild-fa} +gmX Cm -{ Pm _ l } + l (1 £ P). 

Similarly as in the proof of Claim [T] this implies dr = g\Xc l -{ Pl } + gmXc m -{p m _x}, and hence 
x Pm | dr, which is impossible. 

Now assume that T> is a simple subset of £ with respect to an ordering -< of [n]. We denote 
an induced monomial order of -< on 5 by the same notation. Then the monomials in^(oVc) are 
pairwise coprime for all C £ £>. It follows that {drc : C £ £>} is a Grobner basis of I{srf); see, e.g., 
lfT8l Corollary 2.3.4]. Hence in^(/(«c/)) = (in^(oVc) : C £ D) is a complete intersection. □ 

The following corollary follows immediately from the above theorem and lTT2l Proposition 1.1]. 

Corollary 4.17. Let &/ be an essential central arrangement ofn hyperplanes. Assume that l(sf) 
is a complete intersection. Then there exists an ordering -< of [n] ( with an arbitrary induced order 
on S) such that 

m^(I(^y) =in_, for alii > 1. 

Finally, we verify Conjecture [L2]for arrangements with complete intersection Orlik-Terao ideal. 
For those arrangements several properties coincide. Recall that the arrangement s$ is said to be 
2-formal if the relation space F(srf) is spanned by relations corresponding to 3-element circuits; 

see na. 
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Corollary 4.18. Let si be an essential central arrangement of n hyperplanes. Assume that the 
Orlik-Terao ideal I (si) of si is a complete intersection. Let qi,...,qh be the degree sequence 
of a minimal system of homogeneous generators of I (si). Then the Poincare polynomial of the 
Orlik-Solomon algebra of si is 

, h 

%(K(si),t) = (t+ l)*-&=i* H ((t + I)* - t q ') . 

Moreover, the following conditions are equivalent: 

(i) 7r(A (si) , t) factors completely over Z; 

(ii) qi = 2 for all i= l,...,h; 

(iii) si is supersolvable; 

(iv) sf is free; 

(v) sf is 2-formal; 

(vi) A(s/) is Koszul; 

(vii) C(si) is Koszul. 

Proof. Let C\,...,Ch be circuits of M(si) such that {drQ : i = 1, . . . ,h} is a minimal set of gen- 
erators of I(sf). It follows from the proof of Theorem 14. 161 that for a suitable ordering -< of 
[n] the ideal in^(I(si)) is a complete intersection and is minimally generated by {in^(drc,) : 
i = 1, .. . ,h}. In particular, the minimal broken circuits of the matroid (M(sf), -<) are pairwise 
disjoint and have the sizes qi,... ,qh- The formula for the Poincare polynomial and the equiva- 
lence of conditions (i), (ii), (iii), (vi) then follow from Theorem 14.91 For the equivalence of (ii) 
and (vii), one only needs to notice that q\,...,qh is the degree sequence of a minimal system of 
homogeneous generators of both I (si) and m^(l(si))\ see ifTTl . It is well-known that the implica- 
tions (iii)=Kiv)=Ki) an d (iv)=Kv) are true in general; see 11231 Theorem 4.58, Theorem 4.137] and 
ll38l Corollary 2.5]. To complete the proof, we will show (v)=>(ii). Assume that D = {C\ , . . . ,C„,} 
(m < h) is the subset of {C\, . . . ,C/,} consisting of 3-element circuits. Let I® = (drc j : i = 1, ... ,m). 
This ideal is prime by Lemma l4.14l One easily sees that drc € I® for every 3-element circuit C of 
M(sf). Since si is 2-formal, for any relation r G F(si) we have r = Y*ceT>' a c r c, where ac G K 
and £>' is a set of 3-element circuits. It follows from the proof of Lemma |4.15[ with the notation 
used there, that x\^_ K dr G (drc '■ C G £)'). Hence X[ n ]_ A .dr G I®. This implies dr G I® since I® 
is a prime ideal generated in degree > 2. Therefore, I(si) = (dr : r G F(si)) = I®, or, in other 
words, 23 = {C\ ,C/,}. So we obtain qi = 2 for all i = 1, .. . ,h, as desired. □ 

Remark 4.19. Denham, Garrousian and Tohaneanu have independently proved the equivalence 
of conditions (ii), (iii), (v), (vii) in Corollary 14.1 8l by a different method; see lfT3l Corollary 5.12]. 
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